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Abstract
We study the Hamiltonian structure of tri-gravity and four-gravity in the framework
of ADM decomposition of the corresponding metrics. Hence we can deduce the general
structure of the constraint system of multi-gravity. We will show it is possible and consis-
tent to assume additional constraints which provide the needed first class constraints for
generating diffeomorphism as well as enough second class constraints to omit the ghosts.
1 Introduction
One of the well-known models in modified gravity is recognized as the dRGT (de Rham,
Gabadadze and Tolley) massive gravity [1]. It turns out that dRGT massive gravity based
on a flat background metric is Boulware-Deser ghost [2] free in the non-linear level. This
theory demonstrates propagation of a massive spin-2 field with 5 degrees of freedom.
In 2011, Hassan and Rosen presented the non-linear massive gravity based on a general
background metric [3]. This model also includes exactly five degrees of freedom. In fact,
due to the special interaction term, there exists additional constraints in the Hamiltonian
analysis which eliminates the ghost mode. Using the full phase space description, which includes
∗zmolaee@ipm.ir
†shirzad@ipm.ir
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lapse and shift functions as physical variables, we have shown [4] that indeed 10 second class
constraints may emerge within the 20 dimensional phase space.
Soon after massive gravity, Hassan and Rosen introduced a bi gravity model by adding a
dynamical term for the background metric to their massive gravity model [5]. The Hamiltonian
structure of HR bi-gravity was, however, a challenging issue. There was claims that consistency
procedure of constraints leads to determining the lapse functions [6], [7], while we need enough
first class constraints to generate the diffeomorphism symmetry. In our recent work [8] we
showed that in the canonical investigation of the system, in the full 40 dimensional phase
space, we may have two sets of four first class constraints as the generators of diffeomorphism,
as well as two additional second class constraints which eliminate the ghost. However, we
showed that at a critical point we meet a bifurcation problem where only one branch sounds
physically acceptable. In other words, the theory by itself does not guide us naturally towards
the physical branch.
Theories with more than two metrics are also of interest in the community [9]-[13]. For
example one may generalize the HR bi-gravity to a multi-gravity theory with N metrics, which
involves, in the linear level, one massless spin-2 and N − 1 massive spin-2 gravitons. If there is
no ghost, this theory would consist 5N −3 dynamical degrees of freedom. This result, however,
needs to be confirmed at the non linear level, too.
In ref [14] the authors constructed theories of multi gravity theory in arbitrary space-time di-
mensions in vielbein formulation. They claimed these models are generally ghost free. However,
a perfect Hamiltonian analysis of tri-gravity and multi-gravity, based on ADM decomposition
of metric variables, has not been performed yet. This is our aim in this paper, where we try
to generalize our investigations concerning bi-gravity [8] first to three and four gravity and
then induce the results for multi-gravity. In order to have a complete dynamical description,
we have performed our investigations in the full phase space which consists 20N phase space
variables including the lapse and shift functions as physical variables. Our main result is that
we may have enough first class constraints to generate the required guage symmetry as well
as additional constraints to omit the ghost, but this may happen in a special branch of the
bifurcation point. In the following three sections we will study three, four and multi gravities
respectively.
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2 The HR tri-gravity theory
The tri-gravity, as the first extension of bi-gravity, is described by the following action [14]
S =M2g
∫
d4x
√−gR(g) +M2f
∫
d4x
√
−fR(f) +M2h
∫
d4x
√−hR(h)
+2m4
∫
d4x
√−g
4∑
n=0
βgnen(X ) + 2m4
∫
d4x
√
−f
4∑
n=0
βfnen(Y). (1)
where βgn and β
f
n are free parameters, m is a mass parameter and Mg,Mh and Mf are three
different Plank masses. The matrices X and Y are define as X ≡√(g−1h)µν and Y ≡√(f−1h)µν .
The elementary symmetric polynomials en(X ) are shown as follow
e0(X ) = 1,
e1(X ) = [X ],
e2(X ) = 1
2
([X ]2 − [X 2]),
e3(X ) = 1
6
([X ]3 − 3[X ][X 2] + 2[X 3]),
e4(X ) = 1
24
([X ]4 − 6[X ]2[X 2] + 3[X 2]2 + 8[X ][X 3]− 6[X 4]),
ei(X ) = 0, i > 4, (2)
where [X ] ≡ Tr(X ) and so on. In ADM decomposition, the first metric and its inverse have
the following form [15],
gµν =
(
−N2 +NiN i Ni
Ni gij
)
, gµν =
(
−N−2 N iN−2
N jN−2 gij −N iN jN−2
)
, (3)
where N,N i are lapse and shift functions respectively. We have the similar form for fµν and
hµν with M,M i and L, Li as lapses and shifts.
In this paper we study only minimal model of the interaction term where βi = 0 for i 6= 1
and β1 = 1. Let us use variables (N, ni) instead of (N,N i) [5] as
N i = Lni + Li +NDijn
j , (4)
where the 3× 3 matrix Dij has the following form
Dij =
√
gidhdmWmn (W
−1)nj , W
l
j = [1− nkhkmnm]δlj + nlhmjnm. (5)
It turns out that the first interaction term containing
√
g−1h would be linear in N . In the same
way, using variables (M,mi) as
M i = Lmi + Li +MD˜ijm
j , (6)
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makes the whole action linear with respect to the lapses N ,M , L and shifts Li. The expression
of D˜ij in Eq. (6) is similar to Eq. (4) where gij is replaced by fij . Thus, the Lagrangian density
reads
L = M2gpiij∂tgij +M2f pij∂tfij +M2hρij∂thij − (LiRi +Mχ +Nψ + Lφ). (7)
in which
ψ =M2gRg0 +M2gDiknkRgi + 2m4(
√
g
√
xDkk), (8)
χ =M2fRf0 +M2hmjD˜ijRfi + 2m4(
√
f
√
yD˜kk), (9)
φ = M2fm
iRfi +M2gniRgi +M2hRh0 + 2m4
√
f
√
y + 2m4
√
g
√
x, (10)
Ri = M2gRgi +M2fRfi +M2hRhi , (11)
where x = 1 − nihijnj and y = 1 −mihijmj . The momentum fields conjugate to gµν , fµν and
hµν are respectively
piij = −√g(U ij − gijU), (12)
pij = −
√
f(V ij − f ijV), (13)
ρij = −
√
h(W ij − hijW). (14)
where U ij , V ij andW ij are extrinsic curvatures related to the metrics g, f and h. The velocities
are present in the first two terms of the Eqs. (8-10) due to the Hilbert-Einstein terms of the
action. Obviously, we have 12 primary constraints as
PLi ≈ 0, PM ≈ 0, PN ≈ 0, PL ≈ 0, Pni ≈ 0, Pmi ≈ 0. (15)
Since, the interaction terms do not involve velocities, using Eqs. (12-14) expressions R(g)0 , R(g)i ,
for instant, can be written in terms of momentum fields as
R(g)0 =M2g
√
gR+ 1
M2g
√
g
(
1
2
pi2 − piijpiij), R(g)i = 2
√
ggij▽k(
pijk√
g
), (16)
with similar expressions for R(f)0 , R(f)i and R(h)i ,R(h)0 in terms of the f and h-metrics. Note
also that
√
−(4)g = N√g, where g ≡ det(gij). Hence, the total Hamiltonian is
HT = Hc + wPL + uPN + vPM + wiPLi + uiPni + viPmi , (17)
where u, v, ui, w, wi and vi are 12 undetermined Lagrange multipliers (12 fields, in fact) and the
canonical Hamiltonian reads
Hc = LiRi +Mχ +Nψ + Lφ. (18)
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Since N , M , L and Li appear linearly in the canonical Hamiltonian, consistency of the
primary constraints PM , PN ,PL PLi gives 6 secondary constraints as follows
{PN ,HT} = −ψ ≈ 0, (19)
{PM ,HT} = −χ ≈ 0, (20)
{PL,HT} = −φ ≈ 0, (21)
{PLi ,HT} = −Ri ≈ 0, (22)
while, for consistency of Pni and Pmi, we derive directly
{Pni ,Hc} ≡ −
(
Lδik +N
∂(Dijn
j)
∂nk
)
Si ≈ 0, (23)
and
{Pmi,Hc} ≡ −
(
Lδik +M
∂(D˜ijm
j)
∂mk
)
Fi ≈ 0. (24)
Eqs. (23) and (24) lead to the secondary constraints
Si =M2gRk(g)− 2m4
√
gnlhljδ
j
kx
−1/2 ≈ 0, (25)
and
Fi = M2fRk(f)− 2m4
√
fmlhljδ
j
ky
−1/2 ≈ 0. (26)
The matrices in the parenthesis of Eqs. (23) and (24) are the Jacobian of the transformation
given in Eqs. (4) and (6) that are invertible. We can determine ni and mi respectively from
Si = 0 and Fi = 0. Thus, Si,Fi, Pni, Pmi are 12 second class constraints.
We should now investigate the consistency of the secondary constraints ψ, χ, φ andRi. Let’s
begin with consistency of Ri. Direct calculation shows that
{Ri,HT} ≈ 0. (27)
Since Ri’s are the sum of momentum constraints of individual Hilbert-Einstein terms, they are
a set of first class constraints which, together with the primary constraints PLi, generate the
spatial diffeomorphisms. Similar to bi-gravity model, here we can show directly [5]
{ψ, ψ} ≈ {χ, χ} ≈ {φ, φ} ≈ 0. (28)
As we will see below, these relations are crucial in omitting the ghosts. Consistency of the
secondary constraints ψ, χ and φ then leads to the following set of equations

0 E F
−E 0 G
−F −G 0




N
M
L

 = 0, (29)
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where we have defined the following expressions
{ψ, χ} ≡ E, {ψ, φ} ≡ F, {χ, φ} ≡ G. (30)
In the special case of tri-gravity, the rank of the matrix on the l.h.s. of Eqs. (29) may not
exceed two for arbitrary E, F and G. Depending on the behaviors of these functions we may
have different branches as follows:
i) One can assume F ≈ 0, G ≈ 0 and E ≈ 0 as new chosen constraints. (By a chosen
constraint Φ we mean that Φ = 0 does not evolve as an essential result of the consistency
procedure, while the consistency procedure goes on differently on the sub-manifold described
by Φ = 0.) Consistency of these new constraints gives the following equations

{E, ψ} {E, χ} {E, φ}
{F, ψ} {F, χ} {F, φ}
{G,ψ} {G, χ} {G, φ}




N
M
L

 = 0. (31)
If the above matrix is nonsingular the only result is N =M = L = 0. Although we have enough
constraints to omit the ghost, the theory is not valid physically since there is no diffeomorphism
symmetry. If the matrix on the left hand side of Eq. (31) is singular, then we have a new
constraint by vanishing the determinant. Consistency of this new constraint may give a new
independent relation among N , M and L which again kills the diffeomorphism.
ii) Another choice concerns the case where only one of the functions E, F and G vanishes.
Assume, for instance, E ≈ 0 and F 6= 0 and G 6= 0. The original equations (29) then give
L = 0 and FN +GM = 0. Consistency of E also gives N{E, ψ}+M{E, χ} ≈ 0. These three
independent combinations of the lapse functions constitute a system of second class constraints
which contradicts again diffeomorphism symmetry. Moreover, we have not enough constraints
to omit the ghost. The same thing happens if the function G or F is the only chosen constraint.
iii) The last and best choice concerns the case where two of the functions, among E, F and
G vanish. Consider first the case where E 6= 0 and F ≈ G ≈ 0. Remember that we need to
introduce two more first class constraints to complete the set of generators of diffeomorphism.
Starting whit PL, one more first class constraint should be found among the second level
constraints ψ, χ and φ and the new constraints F and G. Consider consistency condition of
the new constraints as(
F˙
G˙
)
=
(
M11 M12
M21 M22
)(
N
M
)
+
(
M1L
M2L
)
L = 0, (32)
where M11 = {F, ψ}, M12 = {F, χ}, M1L = {F, φ}, M21 = {G,ψ}, M22 = {G, χ} and
M2L = {G, φ}. These are two equations for three unknowns M , N and L. Considering L as
6
the arbitrary lapse function, we can determine N and M in terms of L as follows(
N
M
)
= −
(
M11 M12
M21 M22
)−1(
M1L
M2L
)
L. (33)
Let us change the lapse functions from the very beginning as N¯ , M¯ and L such that(
N¯
M¯
)
=
(
N
M
)
+
(
M11 M12
M21 M22
)−1(
M1L
M2L
)
L. (34)
At the same time let us introduce a new combination of second level constraints as
φ′ = φ−
(
M1L, M2L
)
L
(
M11 M12
M21 M22
)−1T (
ψ
χ
)
. (35)
Hence the canonical Hamiltonian reads
Hc = N¯ψ + M¯χ+ Lφ′. (36)
Now the second level constraints due to consistency of PN¯ , PM¯ , PL read ψ, χ and φ′ respectively.
Direct calculation shows that φ′ commutes with all the existing constraints ψ, χ, F and G.
Hence, the set PL and φ′ are our desired first class constraints.
Consistency of the remaining constraints ψ and χ gives M¯E and −N¯E respectively, while
consistency of F and G leads to two combinations of N¯ and M¯ given by the 2 × 2 matrix
M at the r.h.s of Eq. (32). In this way consistency of the second level constraint as well as
the new constraints are satisfied by assuming the last level constraints N¯ = M¯ ≈ 0, which
determine the Lagrange multipliers under their own consistency conditions. Hence, we find all
together two first class constraints PL and φ′ plus eight second level constraints PN¯ ,PM¯ , ψ, χ,
F , G, N¯ and M¯ . Taking into account 6 first class constraints PLi and Ri and 12 second class
constraints Pni, Pmi, Fi and Si, found previously, we have finally 8 first class and 20 second
class constraints. Using the master formula [16]
#DOF = N − 2× First Class− Second Class, (37)
in which N is total number of phase space variables, the number of degrees of freedom is
#DOF = 60− 2× 8− 20 = 24, (38)
which corresponds to 12 degrees of freedom in configuration space. These are related to two
massive and one massless graviton. In this way every thing is satisfactory and we have both
diffeomorphism symmetry generators and appropriate number of dynamical variables. As is
seen, the original lapse function fortunately do not vanish; hence non of the metrics come out
to be singular.
One can see that other choices of new constraints, say E = F ≈ 0 or E = G ≈ 0 do not
give a consistent model for tri-gravity.
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3 The HR four-gravity theory
In this section we consider the Hamiltonian structure of the four-gravity. As we will see the
results are similar to tri-gravity model. The interaction terms of the four-gravity action can be
written as
2m4
(
√−g
4∑
n=0
βgnen(X ) +
√
−f
4∑
n=0
βfnen(Y) +
√−l
4∑
n=0
βlnen(Z)
)
. (39)
where βgn, β
l
n and β
f
n are free parameters, m is a mass parameter and the matrices X , Y and Z
are
√
(g−1h)µν ,
√
(f−1h)µν and
√
(l−1h)µν respectively.
Similar to the previous section, we only consider the minimal model of the interaction terms
where β(i)1 = 1. Let us consider the redefinitions N
i,M i as given in Eqs. (4, 6) and Qi as
Qi = Lqi + Li +Q ˜˜Dijq
j, (40)
where Q and Qi are lapse and shift functions for forth metric and ˜˜D is similar to Eq. (5) in
which g is replaced with l. The variables N , M , L,Q and Li appear linearly in the canonical
Hamiltonian, i.e.
Hc = LiRi +Mχ +Nψ +Qξ + Lφ, (41)
where
ψ = M2gRg0 +M2gDiknkRgi + 2m4(
√
g
√
xD), (42)
χ = M2fRf0 +M2hmjD˜ijRfi + 2m4(
√
f
√
yD˜), (43)
ξ =M2l Rl0 +M2l ˜˜DikqkRli + 2m4(
√
l
√
z
˜˜
D), (44)
φ = M2fm
iRfi +M2l qiRli +M2gniRgi +M2hRh0
+2m4
√
f
√
y + 2m4
√
g
√
x+ 2m4
√
l
√
z, (45)
Ri =M2gRgi +M2fRfi +M2hRhi +M2l Rli, (46)
in which x and y are given as before and z = 1−qilijqj for the last metric. The total Hamiltonian
reads
HT = Hc + rLPL + uNPN + vMPM + wQPQ + riPLi + uiPni + viPmi + wiPqi, (47)
where uN , vM , ui, rL, ri, wQ, wi and vi are 16 undetermined Lagrangian multipliers (16 fields,
in fact). Consistency of the primary constraints PM , PN , PL, PQ and PLi gives 7 secondary
constraints as ξ, φ, χ, ψ and Ri. Similar as tri-gravity one can see {Ri,HT} ≈ 0, which shows
that Ri and PLi are first class constraints which generate spatial diffeomorphism. Moreover, it
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is directly seen that Si(k) and Pni(k) are second class constraints in which ni(k) denote ni, mi and
qi respectively.
In order to derive the important part of the consistency of the secondary constraints, first
note that as before
{ψ, ψ} ≈ {χ, χ} ≈ {ξ, ξ} ≈ {φ, φ} ≈ 0. (48)
Hence, we have the following set of equations

0 C D F
−C 0 A J
−D −A 0 B
−F −J −B 0




N
M
Q
L

 = 0, (49)
where C, D,F , J , A and B are Poisson brackets of secondary constraints as
{ψ, χ} = C, {ψ, φ} = F , {χ, φ} = J , {ξ, φ} = B, {χ, ξ} = A, {ψ, ξ} = D. (50)
Consistency equations (49) may be satisfied in different ways for different sub-manifolds of phase
space in which some of the functions introduced in Eq. (50) vanish. Similar to our analysis
about Eqs. (29), we can see that for assuming one, two, four or more chosen constraints among
C, F , J , A, D and B, we can not have a satisfactory model; i.e. either there is not enough
first class constraints to generate diffeomorphism, or there is not appropriate number of second
class constraints to omit the ghost. The only satisfactory case corresponds to considering the
following three chosen constraints among the elements of the matrix on the l.h.s. of Eq. (49)
F ≈ 0, J ≈ 0, B ≈ 0. (51)
Inserting the constraints (51) omits the last row and column of the matrix on the l.h.s. of Eq.
(49). Hence, the lapse function L remains arbitrary which means the conjugate momentum PL
is a first class constraint.
Now, we should consider consistency of the chosen constraints (51). This gives the following
equations 

F˙
J˙
B˙

 =


M11 M12 M13
M21 M22 M23
M31 M32 M33




N
M
Q

+


M1L
M2L
M3L

L = 0, (52)
where, M11 = {F , ψ}, M12 = {F , χ}, M13 = {F , ξ}, M21 = {J , ψ}, ..., M31 = {B, ψ},
M1L = {F , φ}, ..., M3L = {B, φ}. These are three equations for four unknowns N , M , Q and
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L. Considering L as the arbitrary lapse function, we obtain N , M and Q in terms of L as
follows 

N
M
Q

 = −


M11 M12 M13
M21 M22 M23
M31 M32 M33


−1

M1L
M2L
M3L

L. (53)
One may change in advance the lapse functions to N¯ , M¯ and Q¯ as follows

N¯
M¯
Q¯

 =


N
M
Q

+


M11 M12 M13
M21 M22 M23
M31 M32 M33


−1

M1L
M2L
M3L

L. (54)
Introducing simultaneously, the new combination of second level constraints as
φ′ = φ−
(
M1L, M2L, M3L
)
L


M11 M12 M13
M21 M22 M23
M31 M32 M33


−1T 

ψ
χ
ξ

 , (55)
the canonical Hamiltonian reads
Hc = N¯ψ + M¯χ + Q¯ξ + Lφ′. (56)
From Eqs. (51) and (54, 55) it turns out that the constraints φ′ and the momentum PL would
be two first class constraints. These two constraints together with PLi and Ri constitute eight
first class constraints which act as generators of space-time diffeomorphism.
Using the canonical Hamiltonian (56) it can be directly seen that consistency of χ, ψ, φ as
well as F ,J ,B would be satisfied if N¯ , M¯, Q¯ are vanished. In this way, besides the constraints
(PM¯ , PN¯ , PQ¯) and (χ, ψ, φ) in the first and second level of consistency, we will have the con-
straints (F ,J ,B) and (M¯, N¯ , Q¯) in the third and fourth level. Hence, we found 12 second class
constraints in this part of our analysis. Adding 18 second class constraints Pni
(k)
and Si(k), we
have all together 30 second class constraints.
Counting the number of dynamical degrees of freedom then reads
#DoF = 80− 16− 30 = 34, (57)
which corresponds to 17 degrees of freedom in configuration space concerning three massive
and one massless gravitons.
Note to the important role of the chosen constraints. In fact exactly in the subregion of
the phase space specified by the constraints (51) it is possible to find the required first class
constraints to generate the gauge and simultaneously enough second class constraints to omit
the Boulwer-Deser ghosts.
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3.1 Hamiltonian structure of multi-gravity
Adding up our experiences in three and four gravity, we can present a general Hamiltonian
structure for multi-gravity. Consider a theory with N − 1 metrics g(k)µν plus one metric hµν
where the Lagrangian consists of N Hilbert-Einstein terms plus an interaction term of the form
2m4
√−g
N−1∑
k=1
4∑
n=0
β(k)n en(K(k)), (58)
in which β(k)n are free parameters, m is a mass parameter and the matrix K(k) is
√
(g−1(k)h)
µ
ν .
For this N -gravity model one should use the following (N − 1) relations to change the shift
variables as
N i(k) = Ln
i
(k) + L
i +N(k)D
i
(k)jn
j
(k), (59)
where the 3 × 3 matrix Di(k)j is similar to (5). Applying the above relations, the canonical
Hamiltonian linearizes versus N lapse variables as well as three shift variables Li as follows
Hc = Lφ+N(k)φ(k) + LiRi. (60)
The momenta conjugate to N(k), ni(k), L and L
i would be indicated respectively as P(k), Pi(k),
P and Pi which are our primary constraints. Consistency of these primary constraints leads to
secondary constraints φ, φ(k), Ri and Si(k) where Ri are defined similar to Eqs. (11) and (46)
as
∑R(k)i and Si(k) are resulted from the consistency of Pi(k) similar to Eq. (23). Remembering
the important property {φ(k), φ(k)} ≈ 0 and assuming Mkk′ = {φ(k), φ(k′)} and ψk = {φ, φ(k)},
consistency of the second level constraints φ, φ(k) gives

:
Mkk′ ψ(k)
:
.. ψ(k) .. 0




:
N(k)
:
L

 = 0. (61)
Among so many different ways to satisfy the key equation (61), "we decide" to consider the
functions ψ(k) as new chosen constraints. As is indicated in table 1, these constraints constitute
our third level constraints. Furthermore, we should consider the consistency of the chosen
constraints. This gives the following equations

:
ψ˙(k′)
:

 = Gk′k


:
N(k)
:

 +


:
Gk′
:

L = 0, (62)
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where Gk′k = {ψ(k′), φ(k)} and Gk′ = {ψ(k′), φ}. These are N − 1 equations for N unknowns
N(k) and L. Considering L as the arbitrary lapse function, one can obtain N(k) in terms of L
as follows
N(k) = −G−1k′k Gk′L. (63)
One can change the lapse functions from the very beginning to N¯(k) where
N¯(k) = N(k) + G−1k′k Gk′L, (64)
and simultaneously introduce the new combination of second level constraints as
φ′ = φ− Gk′(G−1T )k′k φ(k)L. (65)
Hence, the canonical Hamiltonian reads
Hc = N¯(k)φ(k) + Lφ′ + LiRi. (66)
Now one can see that the constraints PL and φ′ are first class. Consistency of the second level
constraints φ(k) as well as the chosen constraints ψ(k) at the third level would be satisfied if
the modified lapse functions N¯(k) vanish altogether. Since, N¯(k) are conjugate to primary con-
straints P¯(k), we would have no further constraints due to determining the Lagrange multipliers
via consistency of the last level constraints N¯(k). Our results are summarized in table 1.
Tabl 1 -Constraints Structure of Multi-gravity
Level FC FC SC SC
level 1 P Pi .... Pi(k)... ... P¯(k) ...
level 2 φ′ Ri ... Si(k)... ... φ(k) ...
level 3 ... ψ(k) ...
level 4 ... N¯(k) ...
Considering the Hamiltonian (66); We have all together 8 first class constraints (P, Pi,Ri, φ′)
for generating the space-time diffeomorphism. We have also the set of (N − 1)× 6 second class
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constraints (Si(k), Pi(k)) in the forth columns and (N − 1) × 4 second class constraints in the
fifth columns of table 1. Adding up all of the contents of the table of constraints and using the
master formula (37) we have
#DOF = 20N − 16− (N − 1)× 4− (N − 1)× 6 = 2× (5N − 3), (67)
which correspond to N − 1 massive spin-2 and one massless spin-2 gravitons.
As is seen our special choice of chosen constraints as ψ(k) provides enough additional con-
straints for omitting the ghosts as well as generating diffeomorphism.
An interesting point is that the general pattern of constraint structure of multi-gravity
happens also for bi-gravity, where at the last step, consistency of second level constraints in
the lapse sector gives the following equations(
0 Γ
−Γ 0
)(
N
M
)
= 0, (68)
This should be compared with the general form of Eqs. (61) for multi-gravity. Our recipe for
multi-gravity to assume ψ(k) as additional chosen constraints in this case reduces to consider
just the function Γ as the third level constraint. In fact, for bi-gravity we have not so many
choices (non physical choice where both lapse functions N and M vanish). This is the reason
why the bifurcation character of the problem is less seen for bi-gravity (see Ref. [8] for a
complete discussion).
4 Conclusions
Our main purpose in this paper was investigation the Hamiltonian structure of four dimensional
tri (multi)-gravity model in the context of ADM formalism. As in every other model of gravity
the momentum conjugate to the lapse and shift functions are primary constraints. Based on
the intellectual change of variables suggested by Ref. [5], (see Eq. 4) the canonical Hamiltonian
would be linear with respect to all lapse functions and one set of shift functions, say Li. This
is, in fact, the main advantage of the interaction term between the metrics proposed in HR
bi-gravity. Consistency of Pi (conjugate to Li) gives the sum of famous momenta constraints
which are first class and generate spatial diffeomorphism. Consistency of the other momenta
conjugate to other shift variables lead to a set of second class constraints. In this way there is
no difficulty about the shift functions.
However, consistency of the momenta conjugate to lapse functions is somehow challenging.
We should manage the problem so as to a) find two more first class constraints to complete
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the set of generators of the space-time diffeomorphism; and b) introduce enough additional
second class constraints to omit ghosts. Consistency of secondary constraints in the sector of
lapse variables gives a set of homogeneous linear equations for lapse functions (see Eqs. (29)
for tri-gravity, (49) for four-gravity and (61) for multi-gravity).
Without imposing any further limitation (or in our language, admitting new chosen con-
straints), we would have an unacceptable answer of vanishing all lapse functions. Hence, we
should be prepared for situations where some of the elements of the matrix of Poisson brackets
of constraints (i.e. the matrix on th r.h.s. of Eqs. 61) vanish so as to decrease the rank of
system of equations.
Therefore, at this point we have encountered a bifurcation problem where we will have
different physical situations in different possible ways which we are encountered them. The
interesting point is that there exist a special choice for additional constraints which satisfies both
conditions required in the previous paragraph. Note that it is highly difficult and cumbersome
to find the explicit form of the elements of the matrix on th r.h.s. of Eqs. (61) which include the
chosen constraints of the third level. Also the explicit forms of the final fourth level constraints,
which contain all except one of the lapse functions, seem to be practically unavailable.
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